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Section 8.2: Integration by Parts 
When you finish your homework, you should be able to… 

� Use the integration by parts technique to find indefinite integral and 
evaluate definite integrals 

� Use the tabular method to organize an integral requiring integration by 
parts  

� Recognize trends and establish guidelines for integrals requiring integration 
by parts 

Warm-up:  

1. Differentiate with respect to the independent variable. 
a. � � arcsin 5f x x  

 
 
 
 
 
 

b. � �ln 5 1y x �  
 
 
 
 
 

c. � � tanr T T  
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2. Find the indefinite integral.  

a. 2

arctan
1
xdx

x �³  

 
 
 
 
 
 
 

b. 
� �3ln x

dx
x³  

 
 
 
 
 
 
 
 

c. 5x xdx�³  
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3. Evaluate the definite integral. 
8 2 2

0
tan 6 sec 6 d

S
T T T³  

 

 

 

 

 

 

 

 

 

 

 

 

 

______________________ by _______________ is based on the formula for  

the _____________________ of a ____________________ and is useful for  

________________________ involving products of algebraic and  

___________________________ functions.  
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Consider the following product of two functions of x that have continuous  
 
______________________. 
 
 
 
 
 
 
THEOREM: INTEGRATION BY PARTS 

If u  and v  are functions of x  and have ____________________ derivatives, 
then 

 

 

This technique turns a super complicated integral into _____________ ones. The  

trick is to choose your function ____ so that _________ is ________________  

than ____. Oh yeah…and PRACTICE A ______________ OF PROBLEMS!!! 

 

2ND\«OHW·V�ORRN�DW�WKH�´________” types of Integration by Parts (IBP) problems.  

Which types of expressions do not have ________________ integration 
formulas? 

1. 

 

2.  
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EXAMPLE 1: Find the following indefinite integrals. 

a. 24 lnx xdx³  

 

 

 

 

 

 

 

 

b. arcsin xdx³  
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:KHQ�\RX�GRQ·W�KDYH�D�BBBBBBBBBBBBBBBBBBBBBBBBB�IDFWRU��\RX�QHHG�WR�SOD\� 

around with the _____________________. Oftentimes it works out to let  

______ be the factor whose ___________________ is a simpler  

_________________ than u . Then _______ would be the more  

____________________ remaining factor. Use _____________________!!!  

There is a lot of ______________ and ________________--especially at  

first- 

**Remember: _____ ALWAYS includes _______! 

 

EXAMPLE 2: Find the indefinite integral. 

a. 7

6
x

x dx
e³  
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b. 5x xdx�³  

 
 
 
 
 
 
 
 
 
 
 
 
 

c. 2secx xdx³  
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Sometimes, you need to use IBP ___________________ times. You may even  

need to ___________________ like ___________________ (yes, you can do  

that)!   

EXAMPLE 3: Find the indefinite integral. 

a. cos3xe xdx�³  
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b. 2 xx e dx�³  

 

 

 

 

 

 

 

 

THE TANZALIN (AKA TABULAR) METHOD is a way of organizing an 
LQWHJUDWLRQ�E\�SDUWV�SUREOHP��/HW·V�UHZRUN�WKH�ODVW�H[DPSOH�XVLQJ�WKLV�PHWKRG� 

DERIVATIVES 

       u 

INTEGRALS 

        

        dv 
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PRODUCTS 
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In general, use the following choice for u , in order. 

1. 

2. 

3. 

**When you have cosaxe bxdx³  or sinaxe bxdx³ , let ____________ and let 

______________ or let _______________.   

**To evaluate a definite integral, first find the _______________ integral 
and then back substitute. 

EXAMPLE 5: Find the indefinite integral or evaluate the definite integral. 

a. 
1 2

0
arcsinx x dx³  
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b. � �
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Section 8.3: Trigonometric Integrals 
When you finish your homework, you should be able to… 

� Find indefinite integrals and evaluate definite integrals involving the sine and 
cosine functions which are raised to positive powers 

� Find indefinite integrals and evaluate definite integrals involving the secant 
and tangent functions which are raised to positive powers 

� Use trigonometric identities to find indefinite integral and evaluate definite 
integrals involving the sine and cosine functions 

Warm-up 1: Simplify.  

a. 21 sin x�  
 

b. 21 tan x�  

c. 
1 cos 2

2
x�

 

d. 
1 cos 2

2
x�

 

Warm-up 2: Complete the statement.  

a. If sin 2u x , then du  ____________. 
b. If cos 4u x , then du  ____________. 
c. If tanu x , then du  _____________. 
d. If sec6u x , then du  ____________. 

EXAMPLE 1: Find the indefinite integral.  

a. 
cos
sin
x dx
x³  

 
 
 
 
 
 
 

cos't sink
seEX co5X

2GS2XdX
4sin4Xdx
sectx
6Sec6Xtan6x

fcosx6inxJkdx gun sinx
g'Lx cost

42
sint to
42

125521
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b. 3 2sin cosx xdx³  
 
 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

So we discovered that if the sine portion of the integrand has an _______,  

positive integer as a power and the cosine portion has any other power, then we  

save ___________ sine factor, and _______________ the others to  

______________ factors. Then ____________ and _______________.  

gink t sink
Ssirixcosksinxdx sins sins

AFatea

we
don't

p.co joxsinxdxLhas7nxLIJccosx5sinxdxtDtJLcosxYsinxdx

D diocese

cogs
x cops C

guy _cost
g'Cx2 sinxd

Odd

one convert

cosine expand integrate
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c. 4 3sin 2 cos 2x xdx³  
 
 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

So we discovered that if the _____________ portion of the integrand has an  

odd, positive integer as a power and the sine portion has any other power, then we  

save ___________ cosine factor, and _______________ the others to  

______________ factors. Then _____________ and __________________.  

glx sin2x

Hsin2 7460525cos z d
0472054

X
ffixI'Ll sink cos2xd
tz sin2xY2cos2Xdx fGin2x

s2xdx

n zfcsingxi
csingxjftcffosinkx
tasink.it t

COSH I sinx
sin'x i cos 2x

Cos tz It 2x

Ssmxdx
cosxtcddxsinxcosxetc.ru

1

cosine

one convert
sine expand integrate
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d. 4sin 5xdx³  
 
 
 
 
 
 

 

 

 

 

 

 

So we discovered that if only one sine or cosine factor is in the integrand and  

has an _______, positive integer as a power, you use the _________________  

_________________ formula 

 

 ______________________ or ______________________ until you can use  

basic integration formulas. What should we do if both the sine and cosine are  

raised to even, positive powers? 

 

 

A B AZ2ABtB
Evil plan

2 gcx2 sin5x

Ll ftp
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tJ 1 4coslOXtcoILoxddx
4 2 3 Evil Plant
tffldx 4fcosloxdx.it dtcos2ox
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fx ZssinioxtEXt
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tyx osin1OX t
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94 2

200

924 3 20
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z Z
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dTI etc



  
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 16 

 

e. 4 3sec tanx xdx³  
 
 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

So we discovered that if the _____________ portion of the integrand has an  

even, positive integer as a power and the tangent portion has any other exponent,  

then we save _______ ___________ factors, and convert the rest to  

______________ factors. Then _____________ and _________________. 

Note
SseExdx tanxtC

S seExJtan3xdx
stanxdx tnlcosxt.to

i
I

tanx secxl
sftanxfsecxdxtsctanx5seExdx ItggY taen

4 6
If g sect

tant tant C g esecxtanx
4

6 Evil plan
tan X tank to see x 6Ex5
4 6 g2x7 tanx

g'Cx seek

secant

2 secant
tangent expand integrate
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f.  3 3sec 5 tan 5x xdx³  
 
 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

So we discovered that if the _____________ portion of the integrand has an  

odd, positive integer as a power and the secant portion has any other exponent,  

then we save a ___________-___________ factor, and convert the  

rest to ______________ factors. Then ___________ and ______________. 

Evil Plan

JseE5xtan5xsec5xtan5xd s If gG7 sec5x
g'Cx3 5sec5xtan5x

tgfsec5xfsefsx IJ ssec5xtansxdx
IT

TSG.ec 5x seE5x 5sec5xtan5xdx

fSLsec5x
5sec5xtan5xdx 5605 5.5sec5xtan5xd

If Geez Seg Jtc
seE5x fssec35x t C1

secant
tangent oaddpositive

secant tangent
secant expand integrate
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g. 4tan xdx³  
 
 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

So we discovered that if there is only a ___________ factor raised to a positive,  

____________ power, rewrite as two ______________ factors, one of which is  

_______________, convert the other to ______________ ____________  

minus _______, and then _______________ and ___________________. 

Evilplan
using

toget

Ktan2xJdx ours SseEudx tanxtc
tan2x seEx 1

SltanxtIanDdxisIn.eg.GEEtafEx
StanxCseEx l7dx

SCtanx5seExdx Stan'xdx

SCtanx5seExdx S Ddx

sctanxjsecxdx sseixdxtsldx

ttazx5 tanxtx.to

tank tanxt Xtc

tangent
even tangent

afgtganggentsquaredfactor
squared secant squared

I expand integrate

setup for stanxdx gtanoxtanxdxfs
ktanxtseixdx

sctanx2 beEx Mdx
KtanxJ
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h. 3sec xdx³  
 
 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

So we discovered that if there is only a ___________ factor raised to a positive,  

____________ power, we need to use ___________________ by __________. 

S6ecx seE d
t Evil plan

IBP after
sseixdx secxtanx stanxsecxtanxdxs.pl'ittingsecant
Sseikdx sextant Ssecxtankdx factors

SHikdx secxtanx gsecxeTETTJ.ae
4 secx.dui
secxtanxsdy

ssecxdx.VEtan
1Sse8xdx secxtanx seExd tSsk d

combining like
1fseExdx 1588 integrals

zsseixdx secxtanxtfsecxdx
2fseoxdx f.secxtanxtentsecxttanxftc

sseixdxtzfsecxtanxtensecxttanxbtcfsecxdx
tzs.ec tanx tendlsecxttanxftc

secant
odd integration parts
and combine like integrals If the oddpower is 3 you'll

be using IBPmorethanltime
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If none of these techniques work, try converting all factors to _________ and  

______________ factors. Then play around with identities. 

EXAMPLE 2: Find the indefinite integral.  

a. 
2

5

tan
sec

xdx
x³  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

sine

cosine

Evilplan
jtanxs.ec xdx DIfgcx7 secx

s g't secxtanx
Ss I g ax crap

2 Convert
dx tank seok t

butwhen ICOSSI
expand I'll have3
negativeintegergsin _dx powersofsecx

foggy
cos

CRAP

gsinZX co5xcosxd
D Convert
every factorMMM tosinosand

gsinx I sink cos d cosines
Reserve factor

sink cosxdx 55in 0s d ofcosxforgkx
3 S o convertcost

sink Smx
c to 1 sink

3 5 expand and

I sina.in
g x Cost

gf gox gkx7dx Jun du U ntt
F guy C ntl
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b. 
2 2sin cos

cos
x xdx
x

�
³  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Js Exdx S dx Evil Planes
1 Is sinkco5x

dx Scosxdx NO CRAP

2 Split into
dx fcosxdx jcosx.dk

2fractions
e sina.cocosx

SsecXdx 2ScosxdX
cosx

andsinx l cos

ffnlsecxttanxl 2s.in tCand hensplit
thatfraction
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PRODUCT TO SUM IDENTITIES 

If ______ _____________ __________ occur in the integral, use the following 
identities. 

sin sin _______________________________

sin cos _______________________________

cos cos _______________________________

mx nx

mx nx

mx nx

 

 

 

 

You do not need to memorize these identities. 

  

EXAMPLE 3: Find the indefinite integral.  

sin 7 cos 4x xdx³  

 

 

 

 

 

 

 

 

 

2 different angles
costin n x cosffmtn x

zfsinkm
ndxttsinflmtnDXJZGoskm

nhdtcosf.cm n x

since 47in tsin Gt4DxJd

L sin3xdx3tfsinhxdx.ir
Evil Plan

3 it productto
sumidentity

Lz If cos D t'Titosa'D
tC gcx2 3

g 1 2 3

tf 3x
1 cos HXtC guk ux

gila It
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EXAMPLE 4: Find the area of the region bounded by the graphs of 2cosy x , 

sin cosy x x , 2
x S
 � , and 4

x S
 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Iuosx simg.is
sdi'ixEIiiifi.Y.iIiEII Tat gig cosx

A Yco5xdx Sbinxkosxdx
I r'T vZ
gzLx ZX z x TTyIN gilt 2

IA tfcltcozxsdx lsizwlx.az
The

A zfxtsinkx.IEjz ffsin'Ty5 CsinttTa752

O

A Effatsina.IT fEtsinGtIIif E z t

A z Htt E o El E

A 3ft t Ly t ly
A 31st

t.AZ 3lTt4 sq.units
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Section 8.4: Trigonometric Substitution 
When you finish your homework, you should be able to… 

� Find indefinite integrals using trigonmometric substitution 
� Evaluate definite integrals using trigonmometric substitution 

Warm-up 1: Consider the definite integral 
2 2

2
4 x dx

�
�³ . Do you have the 

 skills to evaluate this definite integral? _____________! 

What tool did we use in Calculus I? ____________________! 

 

Warm-up 2: Complete the figures.  

a. sinu a T  
 
 

So, 2 2a u�   

 

 

for 2 2
S ST� d d . 

Yes
geometry

ye TE 5 4 56 45 22
ZZ 20

Area_TEI EE 21T fz

THdx zip

DX

2

sine L Note asinoJasinoaduacosod.to a
U

0

a Casing Eun

Ta E I
acoso



  
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 25 

 

b. tanu a T  
 
 

So, 2 2a u�   

 

 

 

for 2 2
S ST� � � . 

c. secu a T  
 

 

 

So, 2 2u a�   

 

 

 

 

2 2
_______________  for ,  where 0

2

_______________  for ,  where .
2

u a
u a

u a

ST

S T S

 ! d �°°�  ®
° � � � d
°̄

 

tano da a are tan

fit a

Ecotone o

THE
a

EEE
FLEE for a Seco

Seco Ea
w

0
a

FEAT
EEE
TED
TEE

at an 0

at an 0

at an 0
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NOTE: These are the same intervals over which the _______________,  

______________, and ____________________are defined. The  

restrictions on _____ ensure that the function used for the substitution is  

_______-to-______. 

EXAMPLE 1: Evaluate the definite integral.  

2 2

2
4 x dx

�
�³  

 

 

 

 

 

 

 

 

 

 

 

 

 

arsine
arctangent arcsecant

D

One one
a ex du DX

dx dua7
4 a z

X y 2Sin0 sinE

Sjy 52050205010 ad
2 0

arcsin

du dX 2 u

4gco5Qd0 coso 5 yo sZ few

4S Ed0 iaTu fFino5
F4sinE

2J 1 20520 d0 i2

251401 12520520
do 2M

2Lottzsinko c
2Coso

glx _20

z arcsinuztz.dsinocoso Jtcgyxs z

zlarosinuztuz.FI tC

2farcsinEtxr.IE tC
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So we discovered that if the integrand has a _______________ and no basic  

integration rules, __________, or regular _________________ integrals  

work, we use the substitution ___________________.  

dx 2farcsineztxryy.TL 1
2

X Z

o O

zfcarcsinztZFIJ farcsinEt.atg
zfarcsini arcsinC D

2 E C ED
2 IT

2Il

Ez or
HF

IBP trigonometric
U asino or fog asino
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EXAMPLE 2: Find the indefinite integral.  

a. 
2 16x dx
x
�

³  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

So we discovered that if the integrand has a _______________ and no basic  

integration rules, __________, or regular _________________ integrals  

work, we use the substitution ___________________.  

E
e
opera

FEW DBasicsub doesn'twork
DX IBP doesn'tseemtop make it easier

S tq Hse tan0d0
3 Trigsub E arcset

a 4
4 tanbdo f x 4sec0 sec0 E

e 4 Sefo 1 do
dx 4secotano

do.itSseE0d0 S1d0 X REE
Q

4 tano
0 tC 4

REEF REFER
great arcsectiftc rEEEE

o t4 FEET
MKotaro
4tano

4 Trig Integral
tanno eseEO I

tutor FEET
IBP trigonometric

U aseco orfcxj ase.CO
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b. 2

1
9 1

dx
x x �
³  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

So we discovered that if the integrand has a _______________ and no basic  

integration rules, __________, or regular _________________ integrals  

work, we use the substitution ___________________. 

Evil Plan u 3x
DX du dx
STEEL a Trigsub toomany

seE d0 a a
subs

Hftano se 0 fc y 3 Itano tano

Ssfa do X Istana

Sc LY do
dx ztseio

dois.in

Ext FEET
entry Ito Atan

t H raE
Seco

fn I Itc 2 Used reciprocaland
quotientidentities

4 4 4 4 inferringintegrand
and cosine

ratoriate
IBP trigonometric

weatano or fCx atanQ
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c. 
2

22
x dx
x x�³  

 
 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 

Evil Plan
X'dx
Vor Cap Dcompletethesquare

z 1 to setuptrig Swb
agutsinoJKYO

d07
cx zxtfB.tt

a.EE
Iii
i'Iii

SCIt2sin0tsm0 do
2 trigsub

5 a _I Fox X l

gidot2Ssm0d TEJA 052020 1 1 sine sino
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EXAMPLE 3: Evaluate the definite integral.  

� �
3 2

5 20 2

1
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dt
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Section 8.5: Partial Fractions 
When you finish your homework you should be able to… 

� Review how to decompose rational expressions into partial fractions 
� Utilize partial fractions to find indefinite integrals 
� Utilize partial fractions to evaluate definite integrals 

Warm-up: Find the indefinite integral. 
2 1

1
x x dx
x
� �
�³  
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(CASE 1) Q  HAS ONLY NONREAPEATED LINEAR FACTORS 

 Under the assumption that Q has only __________________ linear factors, the 
polynomial Q has the form 

 

 

where no two of the numbers ______________________ are equal. In this  

case, the partial fraction decomposition of _____________ is of the form 

 

 

where the numbers _____________________ are to be determined. 

Example 1: Write the partial fraction decomposition of the rational expression in 
the integrand, and find the indefinite integral. 

2

2
9 1

dx
x �³  

 
 
 
 
 
 
 
 
 
 
 
 
 

nonrepeated
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(CASE 2) Q  HAS REAPEATED LINEAR FACTORS 

If the polynomial Q has a __________________ linear factor, say  

____________, _____________, n is an _______________, then, in the  

partial fraction decomposition of ___________, we allow for the terms 

 

 

 

where the numbers _____________________ are to be determined. 

Example 2: Write the partial fraction decomposition of the rational expression in 
the integrand, and find the indefinite integral. 

� �2
5 2

2
x dx
x
�

�³  
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(CASE 3) Q  CONTAINS A NONREAPEATED IRREDUCIBLE QUADRATIC 
FACTOR 

If Q contains a __________________ irreducible quadratic factor of the form  

_______________________, then, in the partial fraction decomposition of  

____________, allow for the term  

 

 

where the numbers _____________________ are to be determined. 

Example 3: Write the partial fraction decomposition of the rational expression in 
the integrand, and find the indefinite integral. 

3

6
8
x dx
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(CASE 4) Q  CONTAINS A REAPEATED IRREDUCIBLE QUADRATIC FACTOR 

If the polynomial Q contains a __________________ irreducible quadratic  

factor of the form _______________________, ____________, n is an  

_______________, then, in the partial fraction decomposition of _________,  

allow for the terms 

 

 

 

where the numbers ____________________________ are to be determined. 

Example 4: Write the partial fraction decomposition of the rational expression in 
the integrand, and evaluate the definite integral. 

� �
31

20 2 16
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Example 5: Find the indefinite integral. 
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Section 8.7: ,QGHWHUPLQDWH�)RUPV�DQG�/·+{SLWDO·V�5XOH 
When you finish your homework you should be able to… 

� Recognize all indeterminate forms 
� Apply /·+{SLWDO·V�5XOH to evaluate limits 
� Manipulate expressions so that /·+{SLWDO·V�5XOH may be applied to evaluate 

limits 

WARM-UP: Find the limit. It is okay to write rf  as your answer. 

1. 9

3lim
9x

x
xo

�
�  

 

 

 

 

 

 

2. 
3 2

21

1lim
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x x x
xo

� � �
�  
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3. 0

1 1

lim
x

x x x
x' o

�
� '
'  

 

 

 

 

 

 

 

 

 

 

 

 

 

4. lim csc
x

x
S �o
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5. 
0

lim ln
x

x
�o

 

 

 

 

 

6. lim arctan
x

x
of

 

 

 

 

7. 0

sin 4lim
x

x
xo

 

 

 

 

 

8. 
2

0

1 coslim
cosx

x
x x xo

�
�  
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What indeterminate form did you encounter in some of these problems? 

 

What skills did you use to get these expressions into a determinate form?:  

1.  

 

2.  

 

3.  

 

/·+{SLWDO·V�5XOH  
Suppose f  and g  are differentiable and � � 0g xc z  near a  (except possible ata ). 

Suppose that 

� �lim 0
x a

f x
o

  and � �lim 0
x a
g x

o
  

or that  

� �lim
x a

f x
o

 rf  and � �lim
x a
g x

o
 rf  

meaning that we have an _____________________ form of _____ or _____. 

Then 

 

 

If the limit on the right side ____________ or is ________ or _________. 

 

 

Algebra Maltby t common denominator

factoring
rationalize numerator

Graphing
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*:KDW�VKRXOG�ZH�FKHFN�EHIRUH�DSSO\LQJ�/·+{SLWDO·V�5XOH" 

1. ______ and ______ are ________________ near ____ and 

2. __________ near ___. 

**/·+{SLWDO·V�5XOH�LV�DOVR�YDOLG�IRU�BBBBBBBBBBBBBBBBBBB�OLPLWV�DQG�IRU�
limits at ______ or _______. 

***/HW·V�ORRN�DW�WKH�VSHFLDO�FDVH�ZKHQ� � � � � 0f a g a  , f c  and gc  are 

continuous, and � � 0g xc z . 
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Example 1: Determine if /·+{SLWDO·V�5XOH can be used to evaluate the limit. If 
so, apply /·+{SLWDO·V�5XOH to evaluate the limit. 

a. 9

3lim
9x

x
xo

�
�  

 

 

 

 

 

 

b. 
3 2

21

1lim
1x

x x x
xo

� � �
�  

 

 

 

 

 

c. 0

sin 4lim
x

x
xo
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d. 
2

0

1 coslim
cosx

x
x x xo

�
�  

 

 

 

 

 

 

 

 

 

 

 

 

e. 
lnlim
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x
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Indeterminate Forms 

We already know that ________ and ________ represent 2 types of  

_______________ forms. There are also indeterminate ____________,  

_________________, and _________________. 

Indeterminate Products occur when the limit of 1 __________ approaches  

______ and the other factor approaches ________ or ________. Suppose  

 

__________________ and _________________. If ____ prevails, the  

result of the limit of the ______________ will be _____. If ______ is the  

victor, the __________ of the product will be _____. If they decide to sign  

a _____________, the answer will be some ___________, ____________  

number. To find out, see if you can _____________ the difference into a  

_____________. 

Example 2: Evaluate the limit. 

a. 
2lim x

x
xe�

of  b. 
0

lim sin ln
x

x x
�o
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Indeterminate Differences occur when both limits approach ______. 

 

Suppose__________________ and _________________. If ____ prevails, the  

result of the limit of the ______________ will be _____. If ______ is the  

victor, the __________ of the product will be _____. If they decide to sign  

a _____________, the answer will be some ___________ number. To find out,  

see if you can _____________ the difference into a _____________ by using a  

_____________ _______________, _________________, or ____________  

out a ____________ ______________. 

Example 3: Evaluate the limit. 

a. � �
0

lim csc cot
x

x x
o

�  b. � � � �7 5

1
lim ln 1 ln 1
x

x x
�o
ª º� � �¬ ¼  
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Indeterminate Powers occur when _________________. There are 3  

indeterminate forms that arise from this type of limit. 

1. ______________ and ________________. This yields the inderminate  

form ___________. 

2. ______________ and ________________. This yields the inderminate  

form ___________. 

3. ______________ and ________________. This yields the inderminate  

form ___________. 

To find these types of limits, see if you can take the  _____________  

________________: 

 

or write the function as an __________________: 

 

Example 4: Evaluate the limit. 

a. lim 1
bx

x

a
xof

§ ·�¨ ¸
© ¹

 
b. 

0
lim x

x
x

�o
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Section 8.8: Improper Integrals 
When you finish your homework you should be able to… 

� Recognize when a definite integral is improper 
� Use your integration and limit techniques to evaluate improper integrals 

WARM-UP: Consider the function � � 3

2f x
x

 . 

1. Graph the function.  

 

2. Find the limits. It is okay to write rf  as your answer. 

a. 30

2lim
x x�o

 

b. 3

2lim
x xof

 

3. Evaluate the definite integral. 

31

2b
dx

x³  

 

fan
S3pdX is fine but

20

j dx there's a VA at

114 o x o

Y

ssx

red

A

O

b
2J dx



 

  
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 51 

 

/HW·V�SXW�VRPH�VWXII�WRJHWKHU- 

Recall the if a function is _____________________ on the interval ________,  

the __________________ integral is equal to the ___________ under the  

____________ and bounded by the _______________. Also remember that a  

function is said to have an infinite ___________________ at ____ when, from  

the __________ or the left, 

 

 

 

 

 

TYPE 1: INFINITE INTERVALS 

Now consider the following definite integral. 

31

2 dx
x

f

³  
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Definition: Improper Integrals With Infinite Integration Limits  
1. Suppose f  is continuous on the interval from _________, then 

 

� �
a
f x dx

f
 ³  

 
2. Suppose f  is continuous on the interval from _________, then 

 

� �
b
f x dx

�f
 ³  

 
3. Suppose f  is continuous on the interval from _________, then 

 

� �f x dx
f

�f
 ³  

 
where _____ is any real number. 

In the first two cases, the improper integral ________________ when the  

____________ exists; otherwise the improper integral _______________. In  

the third case, the improper integral on the left _________________ when  

either of the improper integrals on the ______________ diverge. 

 

 

 

a a

b
l im SfCx7dx
b SA a

GA b
b

ein 5
a a

5 G dx
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C
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diverges

right
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Example 1: If possible, evaluate the following definite integrals and ascertain if 
they are convergent or divergent. 

a. 1

dx
x

f

³  

 

 

 

 

 

 

b. 24
dx
x

f

�f �³   
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TYPE 2: DISCONTINUOUS INTEGRANDS 

Now consider the following definite integral. 

1

0

ln x dx
x³  
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Definition: Improper Integrals With Infinite Discontinuities  
1. Suppose f  is continuous on the interval from _________, and has an 

infinite ________________ at ____, then 
 

� �
b

a
f x dx  ³  

 
2. Suppose f  is continuous on the interval from _________, and has an 

infinite ________________ at ____, then 
 

� �
b

a
f x dx  ³  

 
3. Suppose f  is continuous on the interval from _________, except for some  

______ in ___________ at which f has an infinite ________________ at 
____, then 
 

� �
b

a
f x dx  ³  

In the first two cases, the improper integral ________________ when the  

____________ exists; otherwise the improper integral _______________. In  

the third case, the improper integral on the left _________________ when  

either of the improper integrals on the ______________ diverge. 
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Example 2: If possible, evaluate the following definite integrals and ascertain if 
they are convergent or divergent. 

a. 
6

23 36
dx
x�³  

 

 

 

 

 

 

 

b. 1 ln
dx
x x

f

³   

 

 

 

 

 

 

 

 

 

 

b
himgdxbsozoE.ie S 59

to
hfX

b

limarcsinI6lx 3b sE
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D
arcsini arcsintz Iz Ies _IIme
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Consider p

dx
x³ , where p LV�D�UHDO�QXPEHU��/HW·V�ILQG�WKH�LQGHILQLWH�LQWHJUDO�RQ 

1. 0p   2. 1p z  3. 1p   

 

 

 

Example 3: Determine all values of p for which the improper integral converges. 

1 p

dx
x

f

³  
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THEOREM: A SPECIAL TYPE OF IMPROPER INTEGRAL 

1

1 ,      1
1

diverges,  1
p

pdx p
x

p

f
 !° � ®
° �¯

³  

 
Example 4: If possible, evaluate the following definite integrals and ascertain if 
they are convergent or divergent. 

 

a. 1 21

dx
x

f

³  

 
 
 
 
 
 
 
 
 

b. 
3

1
x dx

f �³  
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9.1: Sequences 

When you finish your homework you should be able to… 

S Identify the terms of a sequence, write a formula for the nth term of a 
sequence, and ascertain whether a sequence converges or diverges. 

S Use properties of monotonic sequences and bounded sequences. 
 

WARM-UP: Consider the function � �f x x . 

1. Sketch the graph of the function. 
 
 
 
 

2. Find the following: 
a. � �0 _____f  

 
b. � �1 _____f  

 

c. � �2 _____f  

 
d. � �3 _____f  

 

e. � �4 _____f  

 
f. � �5 _____f  

 

g. 0
lim _______
x

x
o

  

h. 1
lim _______
x

x
o

  

i. 4
lim _______
x

x
o

  

j. lim _______
x

x
of

  

3. Now consider na n . 
4. Find the following: 

a. 1 _____a   
b. 2 _____a   

c. 3 _____a   
d. 4 _____a   

e. 5 _____a   
 
 

Hmmm…so it looks like _______ equals _______ at all of the ____________ 
____________. 
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5. Sketch the graph of the sequence. 

 

 

 

 
 
Definition of the Limit of a Sequence 
 
Let L be a real number. The ______________ of a sequence ______ is ____, 
written as 

lim nn
a L

of
  

if for 0H ! , there exists 0M !  such that na L H� �  whenever n M! . If the  

 
limit L exists, then the sequence _________________. If the limit does not  
 
exist, then the sequence _________________. 

 

Looking at the two graphs we sketched, as __________ it looks like  

__________. So, we would say the lim nn
a

of
_______. and _______ __________. 
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EXAMPLE 1: Write the first five terms of the sequence. 

a. 
3

4n
na

n
 

�  b. 
2

1 1
16,  
3k ka a a�   

 
 
 
 
 
 
 
 
 
 
 
FACTORIALS DUH�IDFWRUV�ZKLFK�GHFUHDVH�E\�RQH��6R�����UHDG�DV�´ILYH�IDFWRULDOµ�LV� 
 
5! = ________________ = ______. We will be working with unknown factorials.  
 
In general, n! = _____________________________, and 0! = ____. 
 
EXAMPLE 2: Simplify the ratio of factorials. 

a. � �
!
2 !
n
n �  b. 

� �
� �

2 2 !
2 !
n
n
�
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EXAMPLE 3: Find the nth term of the sequence. 

a. 
1 1 1 11, , , , ,
2 6 24 120

! b. 
1 1 1 1, , , ,

2 3 3 4 4 5 5 6� � � �
!  

 
 
 
 
 
 
 
Theorem: Limit of a Sequence 
 
Let L be a real number. Let f  be a function of a real variable such that  
 
 
If ^ `na  is a sequence such that � � nf n a  for every positive integer n, then 

 

 
 
EXAMPLE 4: Find the limit of the sequence, if it exists. 

a. 2

26na n
 �  b. 

2cosna n
  

 
 
 
 
 
 



 

  
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 63 

 

Theorem: Properties of Limits of Sequences 
 
Let lim nn

a L
of

  and lim nn
b K

of
 . 

1. � �lim _____________n nn
a b

of
r   

2. lim _____,nn
ca

of
 c  is any ________ number. 

3. � �lim _____________n nn
a b

of
  

4. lim _____,n

n
n

a
bof

§ ·
 ¨ ¸

© ¹
 __________ and ________. 

  

EXAMPLE 5: Determine the convergence or divergence of the sequence with the 
given nth term. If the sequence converges, find its limit. 

a. 
� �

2

1 1 n

na n
� �
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b. 
3

3 1n
na
n

 
�  

 
 
 
 
 
 
 
 
 
 
 
 
 

c. 
� �2 !

!n

n
a

n
�
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Absolute Value Theorem 
 
For the sequence ^ `na , if 
  
lim 0nn

a
of

  then _________________. 

 

Squeeze Theorem for Sequences 
 
If lim limn nn n

a L b
of of

  and there exists an integer N such that______________,  

 
then __________________. 
 

EXAMPLE 6: Show that the sequence converges and find its limit. 

� � 11
!

n
nc n
 �  
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Definition: Monotonic Sequence 
 
A sequence ^ `na is ________________ when its terms are _______________, 

1 2 3 na a a ad d d d d" " or when its terms are nonincreasing 
____________________________. 
 

Definition: Bounded Sequence 

1. A sequence ^ `na is ________________ above when there is a real number  
 
____ such that na Md for all ____. The number ____ is called an  
 
__________ ____________ of the sequence. 
 

2. A sequence ^ `na is bounded ____________ when there is a real number  
 
____ such that nN ad for all ____. The number ____ is called a  
 
__________ bound of the sequence. 
 

3. A sequence _____ is _______________ when it is bounded  
 
____________ and ____________ below.  
 

Theorem: Bounded Monotonic Sequences 
 
If a sequence ^ `na is _________________ and ______________________, it  
 
___________________. 
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EXAMPLE 7: Determine whether the sequence with the given nth term is 
monotonic and whether it is bounded.  

cos
n

na
n

  

 

 

 

 

 

 

EXAMPLE 8: Fibonacci posed the following problem: Suppose that rabbits live 
forever and that every month each pair produces a new pair which becomes 
productive at age 2 months. If we start with one newborn pair, how many pairs of 
rabbits will we have in the nth month? 
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9.2: Series and Convergence 

When you finish your homework you should be able to… 

S Understand and represent a convergent infinite series. 
S Use properties of infinite geometric series. 
S Use the nth term test for divergence. 

 
We spent the last section checking out __________________, and ascertaining  
 
whether a given sequence , na , _________________ or __________________  
 
as _______________. Remember, the ____________ of a sequence are  
 
represented as a ______ or _________, which need not be ordered. There are  
 
finite and _______________ sequences. What if we were interested in  
 
_______________ a sequence? If we are interested in summing a finite number,  
 
say n, of the _____________ of a sequence, we would be finding the _____  
 
________________ _______. If we are interesting in finding the sum of an  
 
infinite sequence, if it exists, we would be finding an _____________ sum, called  
 
an infinite ___________, or just a ___________.  
 
 
 
 
Our main interest will be to ascertain whether a series _______________ or  
 
_______________. 
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EXAMPLE 1: Consider the sequence we found above.  

a. Write the first five terms, and the nth term of the sequence. 
 
 

b. Sum the first five terms. 
 
 

c. Represent this 5th partial sum as a summation. 
 
 
 

d. Find the limit of the sequence. 
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e. Find an expression for the nth partial sum. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

f. What must the limit of this expression equal? 
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Definition: Convergent and Divergent Series 

For the infinite series 
1

n
n
a

f

 
¦ , The ____ ___________ sum is 

 
 

If the sequence of partial sums ^ `nS ______________ to S , then the series 

1
n

n
a

f

 
¦ converges. The limit S  is called the _________ of the ____________. 

 
 
 

If ^ `nS  diverges, then the series __________________. 

So from our first example, _____________S  , and this series  

_________________ since the ____ ______________ sum ____________. 

GEOMETRIC SERIES: 

 

 

Theorem: Convergence of a Geometric Series 
 
A geometric series with ________ ___ converges to the sum 
 
 
 
when ___________________. Otherwise, for ____________, the series  
 
diverges. 
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EXAMPLE 2: Express the number as a ratio of integers. 

0.46   
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EXAMPLE 3: Show that the series � �1

1
2n n n

f

 �¦ is convergent and find its sum. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
NOTE: The series in example 3 is called a ______________________ series.  
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EXAMPLE 4: Show that the series 
1

1
n n

f

 
¦  diverges. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
NOTE: The series in example 4 is called a ______________________ series.  
 
Theorem: Properties of Infinite Series 
 

Let 
1

n
n
a

f

 
¦  and 

1
n

n
b

f

 
¦ be convergent series, and let A , B , and c  be real numbers. 

If 
1

n
n
a A

f

 

 ¦  and  
1

n
n
b B

f

 

 ¦ , then  the following series converge to the indicate 

sums. 

1. 
1

___n
n
ca

f

 

 ¦  2. � �
1

____n n
n
a b

f

 

�  ¦
 

3. � �
1

____n n
n
a b

f

 

�  ¦
 



 

  
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 75 

 

EXAMPLE 5: Determine the convergence or divergence of the series. If the 
series converges, find its sum. 

1

1 2
3

n

n
n

f

 

�¦  
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Theorem: Limit of the nth Term of a Convergent Series 
 

If 
1

n
n
a

f

 
¦ converges, then  _________________. 

 

 
 
 
 
 
 
 
 
 
 
 
Theorem: nth Term Test for Divergence 
 

If lim 0nn
a

of
z , then 

1
n

n
a

f

 
¦  ____________________.  

 
EXAMPLE 6: Determine the convergence or divergence of the series. Explain. 

a. 
1
arctan

n
n

f

 
¦  
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b. 
� � 1

1

3
4

n

n
n

�f

 

�
¦  

 
 
 
 
 
 
 
 

c. 
1

11
n

n n

f

 

§ ·�¨ ¸
© ¹

¦  
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EXAMPLE 7: Find all values of x  for which the series converges. For these values 
of x , write the sum as a function of x . 

0

25
3

n

n

xf

 

�§ ·
¨ ¸
© ¹

¦  

 
 
 
 
 
 
 
 
 
 
 
EXAMPLE 8: A ball is dropped from a height of 16 feet. Each time it drops h
feet, it rebounds 0.81h feet. Find the total distance traveled by the ball. 
 
 

 

 

 

 

 

 

 

 



 

  
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 79 

 

9.3: The Integral Test, P-Series, and Harmonic Series 

When you finish your homework you should be able to… 

S Use the Integral Test to ascertain whether an infinite series converges or 
diverges. 

S Determine whether a p-series converges or diverges. 
S Use properties of harmonic series. 

 
WARM-UP: Determine whether the improper integral converges or diverges. 

1. 31

ln x dx
x

f

³  
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2. 1

l
3x
dx

f

³  
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3.  1

l dx
x

f

³  
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Theorem: The Integral Test 
 
If f is ______________, _______________, and _________________ for 

1x t  and � �na f n , then 
 
 
Either both ____________________ or both ____________________.  
 
***NOTE: Our interest is whether the series converges or diverges as _______, 
so the index of the summation can start at some integer ____ as opposed to a___ 
when we apply the integral test. 
 
EXAMPLE 1: Determine the convergence or divergence of the series. Explain. 

a. 3
1

ln
n

n
n

f

 
¦  
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b. 4 2
1 2 1n

n
n n

f

 � �¦  
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P-Series and Harmonic Series  
 
A harmonic series is the ___________ of sounds represented by ____________  
 
waves in which the ______________ of each sound is an _____________  
 
multiple of the ______________ frequency. Pythagoras and his students  
 
discovered this relationship between the _______ and the _________ of the  
 
vibrating string. The most beautiful harmonies seemed to correspond with the  
 
simplest ___________ of _________ numbers. Later mathematicians developed  
 
this idea  into the _____________ series, where the __________ in the  
 
harmonic series correspond to the node  on a ________________ string that  
 
produce ________________ of the fundamental frequency. So, __________ is  
 
_____________ the fundamental frequency, __________ is _____________  
 
times the fundamental frequency, and so on. In music, strings of the same 
_______________, __________________, and _______________, and whose  
 
________________ form a harmonic series, produce ______________ tones. A  
 
general harmonic series is of the form ________________________________. 
 
The harmonic series is a special case of the _____________, where _________. 
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Theorem: Convergence of p-Series 
 
The p-series 
 
 
 
______________ for _______, and ______________ for ____________. 
 
 
EXAMPLE 2: Determine the convergence or divergence of the series. Explain. 

a. 
1

l
n n

f

 
¦  

 
 
 
 
 
 
 
 

b. 5 5 5 5

1 1 1 11
4 9 16 25

� � � � �"  
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9.4: Series Comparison Tests 

When you finish your homework you should be able to… 

S Use the Direct Comparison Test to ascertain whether an infinite series 
converges or diverges. 

S Use the Limit Comparison Test to ascertain whether an infinite series 
converges or diverges. 

 
WARM-UP: Determine whether the series converges or diverges. 

1. 
1

1
1n n

f

 �
¦  
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2. 2
1

1
4n n

f

 �¦  
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Our Tests So Far… 
 
nth Term Test for _________________. If _____________, the series  
 
_________________. If _______________, we need to ______ further  
 
__________!!! 
 
Geometric Series is of the form _____________. If _________________,  
 
the series ________________ and its _______ is _____________________.  
 
Otherwise, the series diverges. 
 
Telescoping Series. Requires ________________ ______________  
 
decomposition. The __________ is the sum of the terms which do not  
 
_____________ out plus __________________. 
 
p-Series is of the form ________________. If ____________, the series  
 
____________________. If ___________________, the series  
 
__________________.   
 
The Integral Test requires that ____ is _______________, continuous, and  
 
________________ for 1x t , and � � nf n a  for all n . If _____________  
 
converges, ______________ converges. Otherwise, ___________ diverges. 
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Theorem: The Direct Comparison Test 
 
Let _________________ for all n .  

1. If 
1

n
i
b

f

 
¦  _________________, ____________ converges. 

2. If 
1

n
i
a

f

 
¦  _________________, 

1
n

i
b

f

 
¦ ________________. 

 

EXAMPLE 1: Determine the convergence or divergence of the series. Explain. 

a. 
1

1
1n n

f

 �
¦  
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b. 
1

3
2 1

n

n
n

f

 �¦  
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Theorem: The Limit Comparison Test 
 
If ________, ________, and 
 
 
 
 
 where L is ___________ and _____________, then 

 
1

n
i
a

f

 
¦  and 

1
n

i
b

f

 
¦  either both _________________ or both _______________. 

NOTE: When choosing your comparison, you can disregard all but the  

________________ powers of _____. So, if we are testing 2
1 5 2n

n
n

f

 �¦ , our  

 

comparison series would be ____________ = __________. 

Proof: 

 

 

 

 

 

 

 



 

  
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 92 

 

EXAMPLE 2: Determine the convergence or divergence of the series. Explain. 

a. 4 2
1 2 1n

n
n n

f

 � �¦  
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b. 
0

1 sin
10nn

nf

 

�¦  
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9.5: Alternating Series 

When you finish your homework you should be able to… 

S Use the Alternating Series Test to ascertain whether an infinite series 
converges or diverges. 

S Use the Alternating Series Remainder to approximate the sum of an 
alternating series. 

S Classify a convergent series as conditionally convergent or absolutely 
convergent. 

 
WARM-UP: Determine whether the series converges or diverges. 

� �
� � 1

0

1
2

n

n
n

f

�
 

�
¦  
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Theorem: Alternating Series Test 
 

Let _________________. The alternating series � �
1

1 n
n

n
a

f

 

�¦  and � � 1

1
1 n

n
n

a
f

�

 

�¦  

converge when both conditions below are met. 
 

1. _________________ 2. _________________, for all n . 
 

NOTE: The second condition can be modified to require that _____________ 
for all ___ greater than some integer ____. 
 
EXAMPLE 1: Determine the convergence or divergence of the series. Explain. 

a. 
� �
� � 1

0

1
2

n

n
n

f

�
 

�
¦  
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b. 
� �
� �1

1
ln 1

n

n n

f

 

�
�¦  

 
 
 
 
 
 
 
 
 
 
 
 
 

c. 
� � 1 2

2
1

1
4

n

n

n
n

�f

 

�
�¦  
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d. 
1

1 cos
n

n
n

S
f

 
¦  
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e. � � � �
� �

1

1

1 3 5 7 2 1
1

1 4 7 10 3 2
n

n

n
n

f
�

 

� � � �
�

� � � �¦
"
"  
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Theorem: Alternating Series Remainder 
 
If a convergent alternating series satisfies the condition 1n na a� d , then the  
 
_______________ value of the ______________ ______ involved in  
 
approximating the sum ____ by ____ is less than or equal to the first  
 
_______________ term.  
 
 
 
 
 
EXAMPLE 2: Approximate the sum of the series by using the first six terms. 

� � 1

1

1
3

n

n
n

n�f

 

�
¦  
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EXAMPLE 3: Determine the number of terms required to approximate the sum of 
the series with an error of less than 0.001. 

� �
� �1

1
2 !

n

n n

f

 

�
¦  

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
Theorem: Absolute Convergence 
 
 
If the series _________ converges, then the series ________ also converges.  
 
 
Which of our examples would be an example of this theorem? 
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Definition of Absolute and Conditional Convergence 
 

1. The series  na¦ is ____________________ convergent when _________ 
converges. 
 

2. The series na¦ is ____________________ convergent when _______  
 
converges but _________ diverges.  

 
EXAMPLE 4: Determine whether the series converges absolutely or conditionally, 
or diverges.  

a. 
� �

2

0

1 n

n
n e

f

 

�
¦  
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b. � � 1

1
1 arctann

n
n

f
�

 

�¦  
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c. 
� �

1

sin 2 1
2

n

n

n

S
f

 

ª º�« »¬ ¼¦  
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9.6: The Ratio and Root Tests 

When you finish your homework you should be able to… 

S Use the Ratio Test to ascertain whether an infinite series converges or 
diverges. 

S Use the Root Test to ascertain whether an infinite series converges or 
diverges. 

S Review Tests for convergence and divergence of an infinite series. 
 
Theorem: The Ratio Test 
 
Let na¦ be a series with _________________ terms.  

1. The series na¦ converges ______________ when _________________. 
 

2. The series na¦ diverges when _______________ or _______________. 
 

3. The Ratio Test is _______________ when ________________. 

 
EXAMPLE 1: Determine the convergence or divergence of the series using the 
Ratio Test. 

a. 
0

2 n

n e

f

 

§ ·
¨ ¸
© ¹

¦  
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b. 
0

2
!

n

n n

f

 
¦  
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c. 
� � � �

� �

1

1

1 2
1

n

n

n
n n

�f

 

� �
�¦  
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d. 
� �
� �

2

0

!
3 !n

n
n

f

 
¦  
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Theorem: The Root Test 
 

1. The series na¦ converges ______________ when _________________. 
 

2. The series na¦ diverges when _______________ or _______________. 
 

3. The Root Test is _______________ when ________________. 

 
EXAMPLE 2: Determine the convergence or divergence of the series using the 
Root Test. 

a. 
1

1
n

n n

f

 
¦  
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b. 
1

2
5 1

n

n

n
n

f

 

�§ ·
¨ ¸�© ¹

¦  
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c. 
1

ln n

n

n
n

f

 

§ ·
¨ ¸
© ¹

¦  
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d. 
� �
� �2

1

! n

nn

n

n

f

 
¦  
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12:�,7·6�83�72�<28����'(7(50,1(�WHETHER THE FOLLOWING 
INFINITE SERIES CONVERGE OR DIVERGE  

1. 
� �
� �1

1 3 5 7 2 1
2 5 8 11 3 1n

n
n

f

 

� � � �
� � � �¦

"
"  

Step 1: Identify the test(s) and conditions (if applicable). 

 

 

 

 

Step 2: Run the test. 

 

 

 

 

 

 

Step 3: Conclusion. 
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2. 
� �

1

1
1

n

n

n
n

f

 

�
�¦  

Step 1: Identify the test(s) and conditions (if applicable). 

 

 

 

 

Step 2: Run the test. 

 

 

 

 

 

 

 

Step 3: Conclusion. 
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3. 3
1 3n

n
n n

f

 �
¦  

Step 1: Identify the test(s) and conditions (if applicable). 

 

 

 

 

Step 2: Run the test. 

 

 

 

 

 

 

Step 3: Conclusion. 
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4. 
� �

� �1

3 5 7 2 1
18 ! 2 1n

n

n
n n

f

 

� � �
�¦

"
 

Step 1: Identify the test(s) and conditions (if applicable). 

 

 

 

Step 2: Run the test. 

 

 

 

 

 

 

 

 

Step 3: Conclusion. 
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5. 
1 500

n

n

nf

 

§ ·
¨ ¸
© ¹

¦  

Step 1: Identify the test(s) and conditions (if applicable). 

 

 

 

 

Step 2: Run the test. 

 

 

 

 

 

 

Step 3: Conclusion. 
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6. 
4

1

n

n
e

f
�

 
¦  

Step 1: Identify the test(s) and conditions (if applicable). 

 

 

 

 

Step 2: Run the test. 

 

 

 

 

 

 

Step 3: Conclusion. 
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7. 
1

5 1
6 1

n

n
n

f

 

�
�¦  

Step 1: Identify the test(s) and conditions (if applicable). 

 

 

 

 

Step 2: Run the test. 

 

 

 

 

 

 

Step 3: Conclusion. 
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8. 
1
arctan

n
n

f

 
¦  

Step 1: Identify the test(s) and conditions (if applicable). 

 

 

 

 

Step 2: Run the test. 

 

 

 

 

 

 

 

Step 3: Conclusion. 
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9. 2
1

ln
n

n
n

f

 
¦  

Step 1: Identify the test(s) and conditions (if applicable). 

 

 

 

 

 

 

 

Step 2: Run the test. 

 

 

 

 

 

 

Step 3: Conclusion. 
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10. 2
1

2
4 1

n

n n

f

 �¦  

Step 1: Identify the test(s) and conditions (if applicable). 

 

 

 

 

 

Step 2: Run the test. 

 

 

 

 

 

 

Step 3: Conclusion. 
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9.7: Taylor Polynomials 

When you finish your homework you should be able to… 

S Find Taylor and Maclaurin polynomial approximations of elementary 
functions. 

S Use the remainder of a Taylor polynomial. 
 

Some uses of the Taylor series for analytic functions include: 
 

x The ____________ _______ of the series can be used as 
 
 ____________________ of the entire function. Keep in mind that you  
 
need a sufficient amount of _____________. 
 

x ____________________ and ____________________ of power series  
 
is ___________________ since it can be done ___________ by term. 
 

x _________________ operations can be done on the ______________  
 
series ____________________. For example, _______________ formula  
 
follows from Taylor series _________________ for ________________  
 
and ___________________ functions. This result is important in the field  
 
of ________________ analysis. 
 

x _____________________ using the first few terms of a Taylor series can  
 
make otherwise ______________ problems possible for a restricted  
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domain. This is often used in _______________. 
 
 
 
 
 
 
 
 
 
 
 
To find a ___________________ function ___ that ___________________  
 
another function ___, we choose a number ___ in the ______________ of ___  
 
at which _______________. This approximating ________________ is said to  
 
be _________________ about ___ or ________________ at ___. The evil  
 
plan is to find a polynomial whose ___________ looks like the graph of ____   
 
___________ this point. If we require that the ___________ of the polynomial  
 
function is the __________ as the slope of the __________ at ____, then we  
 
also have _________________. Using these two requirements we can get a  
 
______________ approximation of ____. 
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EXAMPLE 1: Consider � �
1
xf x
x

 
� . 

a. Find a first-degree polynomial function � �1 0 1P x a a x �  whose value and 
slope agree with the value and slope of f  at 0x  . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
x  0.8�  0.2�  0.1�  0  0.1 0.2  1.0  

1
x
x �  

       

 
� �1P x  
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b. Now find a second-degree polynomial function � � 2
2 0 1 2P x a a x a x � �  whose 

value and slope agree with the value and slope of f  at 0x  . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
x  0.8�  0.2�  0.1�  0  0.1 0.2  1.0  

1
x
x �  

 
-4 

 
-0.25 

 
-0.1111 

 
0 

 
0.0909 

 
0.16667 

 
0.5 

 
� �2P x  
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c. /HW·V�JR�IRU�D�WKLUG-degree polynomial function � � 2 3
3 0 1 2 3P x a a x a x a x � � �  

whose value and slope agree with the value and slope of f  at 0x  . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
x  0.8�  0.2�  0.1�  0  0.1 0.2  1.0  

1
x
x �  

 
-4 

 
-0.25 

 
-0.1111 

 
0 

 
0.0909 

 
0.16667 

 
0.5 

 
� �3P x  
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Definition of nth Taylor and nth Maclaurin Polynomial 
 
If f has n derivatives at c , then the polynomial 
 
 
 
is called the ____ ______________ polynomial for ___ at ___.  
 
If ________, then 
 
 
 
is also called the ____ ________________ polynomial for ____. 
 
 
Remainder of a Taylor Polynomial 
 
To ________________ the _________________ of approximating a function  
 
value _____ by the Taylor polynomial ______, we use the concept of a  
 
__________________ ______. 
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EXAMPLE 2: Consider the function � � 2 cosf x x x .  

a. Find the second Taylor polynomial for the function � � 2 cosf x x x  centered 
at S . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

b. Approximate the function at 
7
8

x S
 using the polynomial found in part a. 
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7D\ORU·V�7KHRUHP 
 
If a function f is differentiable through order 1n �  in an interval I containing c , 
then, for each x  in I , there exists z between x  and c  such that 
 
 
 
 
where  
 
 
 
 
 
A _________________ of this theorem is that 
 
 
 
 
 
where _______________ is the ________________ value of ___________  
 
between ____ and ___.  
 
For ________ we have 
 
 
 
 
Does this look familiar? 
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EXAMPLE 3: 8VH�7D\ORU·V�7KHRUHP�WR�REWDLQ�DQ�XSSHU�ERXQG�IRU�HUURU�RI�WKH�
approximation. Then calculate the exact value of the error. 

2 3 4 51 1 1 11 1
2! 3! 4! 5!

e | � � � � �  
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EXAMPLE 4: Determine the degree of the Maclaurin polynomial required for the 
error in the approximation of the function at the indicated value of x to be less 
than 0.001. 

� �cos 0.1  
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9.8: Power Series 

When you finish your homework you should be able to… 

S Find the radius and interval of convergence of a power series. 
S Determine the endpoint convergence of a power series. 
S Differentiate and integrate a power series. 

  
WARM-UP: Find the sixth-degree Maclaurin polynomial for � � xf x e . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
This enables us to be able to ______________________ the function 
 
________ near _______. We found out that the higher the _________ of the  
 
approximating __________________, the better the approximation becomes. 
 
,Q�WKLV�VHFWLRQ��\RX·OO�VHH�WKDW�VHYHUDO�LPSRUWDQW�BBBBBBBBBBBBBBBBB�FDQ�EH� 
 
represented __________________ by _______________ series.  
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Definition of Power Series 
 
If x is a variable, then an infinite series of the form 
 
 
 
 
 
is called a ____________ series ______________ at _____, where ___ is a 
constant.  
 
If a power series is _____________ at ____, the power series will be of the 
form 
 
 
 
 
 
EXAMPLE 1: Find the power series for � � xf x e , centered at 0x  . 
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Radius and Interval of Convergence 
 
A power series in ____ can be thought of as a _____________ of ____. 
 
 
 
 
The ______________ of ___ is the _______ of all ___ for which the power  
 
series _________________. Every power series converges at its __________. 
 
 
 
 
 
 
Therefore, _____ is always in the ______________ of ____. The domain of a  
 
power series can take on any one of the following forms: 
 
          a _____________ ___________ 
 
 
 
                                          
                                         an _______________ 
 
 
                              
 
                               the _______ of ________ numbers 
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Theorem: Convergence of a Power Series 
 
For a power series centered at c , precisely one of the following is true: 
 

1. The series converges only at ______. 
 

2. There exists a ________ number _______ such that the series converges  
 
_____________________ for ____________ and diverges for  
 
______________. 
 

3. The series converges absolutely for ______ ______. 

 
Endpoint Convergence 
 
Each __________________ must be _____________ for ______________ or  
 
_________________. This results in _____ possible forms an _____________  
 
of _________________ can take on. 
 
_________ 0                               _________ _____     
 
                                                _________ ____ 
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Example 2: Find the radius and interval of convergence (including a check for 
convergence at the endpoints) of the following power series. 

a. � �
0

2 n

n
x

f

 
¦  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 

  
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 137 

 

b. 
� �
� �0

3
2 !

n

n

x
n

f

 
¦  
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c. 
� �
� �

1

1
0

3
1 4

n

n
n

x
n

�f

�
 

�
�¦  
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Theorem: Properties of Functions Defined by Power Series 
 
 
 
If the function _________________________________________________ 
 
has a radius of convergence of _______, then, on the interval ______________   
 
f is __________________ and thus _______________. The derivative and  

 
antiderivative are given below: 

1.  
 
 
 
 

2.   
 
 

 
The radius of convergence of the series obtained by __________________  

or ______________________ a power series is the ___________ as that of  

the ___________________ power series. What may change is the  

_______________ of convergence. 
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Example 3: Let � � � �
� �

2 1

0

1
2 1 !

n n

n

x
f x

n

�f

 

�
 

�¦ and � � � �
� �

2

0

1
2 !

n n

n

x
g x

n

f

 

�
 ¦ . 

a. Find the interval of convergence of f . 
 
 
 
 
 
 
 
 
 
 
 
 
 

b. Find the interval of convergence of g . 
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c. Show that � � � �f x g xc  . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

d. Show that � � � �g x f xc  � . 
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e. Identify the function f . 
 
 
 
 
 
 
 
 

f. Identify the function g . 

 
 
 
 
 
 
Example 4: Write an equivalent series with the index of summation beginning at 

1n  . 

a. � � � �1

0
1 1n n

n
n x

f
�

 

� �¦  b. 
� � 2 1

0

1
2 1

n n

n

x
n

�f

 

�
�¦  
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9.9: Representing Functions as Power Series 

When you finish your homework you should be able to… 

S Manipulate a geometric series to represent a function as a power series 
S Differentiate or integrate a geometric series to represent a function as a 

power series. 
  

WARM-UP: Find the infinite sum of the convergent series 
0

35
4

n

n

f

 

§ ·�¨ ¸
© ¹

¦ . 

 
 
 
 
 
 
 
 
 

Now consider the function � � 1
1

f x
x

 
� .  
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This _________________represents � � 1
1

f x
x

 
�  only on the interval from  

 
______________. What is the domain of f ? ___________________.  
 
 
 
 
 
 
 
How would we represent f  on another interval? We must develop a  
 
_______________ ____________ which is _____________ at a different  
 
value.  

Example 1: Find the power series for � � 1
1

f x
x

 
�  centered at 2c  � . 
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Example 2: Find a geometric power series for the function � � 2
5

f x
x

 
�  

centered at 0, (a) by manipulating the function into the format of a geometric 
power series and (b) by using long division. 
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Example 3: Find a power series for the function, centered at c, and determine 
the interval of convergence. 

a. � � 3 ,  2
2 1

f x c
x

  
�  
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b. � � 4 ,  3
3 2

f x c
x

  
�  
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Operations with Power Series 
 

Let � �
0

n
n

n
f x a x

f

 

 ¦  and � �
0

n
n

n
g x b x

f

 

 ¦  be power series centered at 0. 

1. � �
0

,n n
n

n
f kx a k x

f

 

 ¦  where _____ is a _______________.  

2. � �
0

,N nN
n

n
f x a x

f

 

 ¦  where _____ is a _______________.  

3. � � � � � �
0

n n
n

f x g x a b
f

 

r  r¦  

Note: These operations can change the ______________ of _____________ 
for the resulting series.  
                                          
Example 4: Find a power series for the function, centered at c, and determine 
the interval of convergence. 

a. � � 2

5 ,  0
5

f x c
x

  
�  
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b. � � 2

3 8 ,  0
3 5 2

xf x c
x x

�
  

� �  
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Example 5: Consider the functions � � 1
1

f x
x

 
� and � �

0

1
1

n

n
g x x

x

f

 

  
� ¦ . 

a. Find a power series for f , centered at 0. 
 
 
 
 
 
 
 
 
 
 
 
 

b. Use your result from part a to determine a power series, centered at 0, for 

the function � � � � � �2

1 1
1 2 1 2 1

xh x
x x x

  �
� � � . Identify the interval of 

convergence. 
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c. Use your result from part a to determine a power series, centered at 0, for 

the function � �
� �3

2
1

r x
x

 
� . Identify the interval of convergence. 
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d. Use your result from part a to determine a power series, centered at 0, for 

the function � � � �2ln 1s x x � . Identify the interval of convergence. 
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9.10: Taylor and Maclaurin Series 

When you finish your homework you should be able to… 

S Find a Taylor series or a Maclaurin series for a function. 
S Find a binomial series. 
S Use a basic list of Taylor series to derive other power series.  

 
WARM-UP: Find the 8th degree Maclaurin polynomial for the function 
� � cosf x x . 

 
 
 
 
 
 
 
 
 
1RZ�OHW·V�VHH�LI�ZH�FDQ�IRUP�D�SRZHU�VHULHV� 
 
 
 
 
 
 
What about that interval of convergence? 
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Theorem: The Form of a Convergent Power Series 
 

If f  is represented by a power series � � � �nnf x a x c ¦ �  for all x in an open 
interval I containing c , then 
 

 

and 
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Definition of Taylor and Maclaurin Series 
 
If a function f  has derivatives of all orders at x c , then the series 
 
 
 
 
is called the _______________ series for ______ at ____. If _________,  
 
then the series is the __________________ series for _____. 
 

Example 1: Find the Taylor series, centered at c , for the function. 
a. � � 4 ,  0xf x e c�   
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b. � � 1 ,  2
1

f x c
x

  
�  
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Theorem: Convergence of Taylor Series 
 
If lim 0nn

R
of

  for all x in the interval I , then the Taylor series for f converges 

and equals � �f x . 
 

 

 

 

 
 
 
 
 
 
 
Example 2: Prove that the Maclaurin series for � � cosf x x converges to � �f x  
for all x . 
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Binomial Series 

/HW·V�FKHFN�RXW�WKH�IXQFWLRQ� � � � �1 kf x x � , where k  is a rational number. What 
do you think the Maclaurin series is for this function? Guess what…YOU KNOW 
HOW TO FIND IT!!! So, on your mark, get set, GO! 

1. ________________ � �f x  a bunch of times and evaluate each 
 
________________ at ______. Evil plan: __________________ a  
 
__________________. 
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2. 'HWHUPLQH�WKH�BBBBBBBBBBBBBBB�RI�BBBBBBBBBBBBBBBBB���'RQ·W�IRUJHW� 
 
to test the _________________! 
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Guidelines for Finding a Power Series 
 

1. _________________ � �f x  and _______________ each 
 
_________________ at _____ until you find a ___________________. 
 

2. Form the _____________ coefficient _________________, and  
 
determine the ______________ of convergence for the ____________  
 
series. 
 

3. Determine whether the series ________________ to ________ within 
 
the interval of convergence. 

Example 3: Find the Maclaurin series for the function using the binomial series. 

a.  � �
� �4

1
1

f x
x

 
�  
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b. � � 31f x x �  
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A Basic List of Power Series for Elementary Functions 
 
FUNCTION INTERVAL 

OF  
CONVERGENCE 

1                                                                                          
x
 

                         

0 2x� �  

� �2 3 4 51 1 1
1

n nx x x x x x
x
 � � � � � � � � �

�
" "  

1 1x� � �  

ln x   
 
 

0 2x� d  

2 3 4 5

1
2! 3! 4! 5! !

n
x x x x x xe x

n
 � � � � � � � �" " 

 

x�f � � f  

� �
� �

2 13 5 7 1
sin

3! 5! 7! 2 1 !

n nxx x xx x
n

��
 � � � � � �

�
" " 

x�f � � f  

� �
� �

22 4 6 1
cos 1

2! 4! 6! 2 !

n nxx x xx
n

�
 � � � � � �" " 

x�f � � f  

arctan x   
 
 

1 1x� d d  

arcsin x   
 
 

1 1x� d d  

� � � � � �� �2 31 1 2
1 1

2! 3!
k k k x k k k x

x kx
� � �

�  � � � �" 
1 1*x� � �   

 

*convergence at endpoints depends on k  
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Example 4: Find the Maclaurin series for the function using the basic list of 
power series for elementary functions. 

a.  � � � �2ln 1f x x �  
 
 
 
 
 
 
 
 
 
 
 
 
 

b. � � x xf x e e� �  
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c. � � 2cosf x x  
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d. � � cosf x x x  
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Example 5: Find the first four nonzero terms of the Maclaurin series for the 
function � � � �ln 1xf x e x � . 
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Example 6: Use a power series to approximate the value of the integral with an 
error less than 0.0001. 

 
1 2 2

0
arctan x dx³  
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7.4: Arc Length and Surfaces of Revolution 

When you finish your homework you should be able to… 

S Find the arc length of a smooth curve. 
S Find the area of a surface of revolution 

 
Arc length is approximated by ____________ infinitely many ______________.  
 
A _______________ curve is one which has a __________ arc length. A  
 
sufficient condition for the graph of a function ____ to be rectifiable between  
 
___________ and _____________ is that _____ be continuous on _____. A  
 
function of this type is considered to be ___________________ differentiable  
 
on ________ and its graph on the interval _______ is a _________ ________.  
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Definition of Arc Length 
 
Let the function ___________ represent a smooth curve on the interval ______.  
 
The arc length of ____ between  ___ and ___ is 
 
 

For a smooth curve _________ on the interval ______ the arc length of ____  
 
between  ___ and ___ is 
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EXAMPLE 1: Find the arc length from � �3,4� clockwise to � �4,3  along the circle 
2 2 25x y�  . Show that the result is one-fourth the circumference of a circle. 
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Definition of Surface of Revolution 
 
When the graph of a continuous function is ____________ about a _______,the  
 
resulting surface is a __________ of _________________. 
 

 
 
Definition of the Area of a Surface of Revolution 
 
Let the function ___________ have a continuous derivative on the interval  
 
______. The area ____ of the surface of revolution formed by revolving the  
 
graph of ___ about a horizontal or vertical axis is 
 
 
 
 
where _____ is the distance between the graph of ___ and the axis of revolution.  
 
If __________ on the interval _______ then the surface area is 
 

 

 

where _____ is the distance between the graph of ___ and the axis of revolution. 
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EXAMPLE 2: Find the area of the surface generated by revolving the curve 
29y x � about the y-axis.  
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10.1: Conics and Calculus 

When you finish your homework you should be able to… 

S Use properties of conic sections to analyze and write equations of parabolas, 
ellipses, and hyperbolas. 

S Classify the graph of an equation of a conic section as a circle, parabola, 
ellipse, or hyperbola. 

S Find the equations of lines tangent and normal to conic sections 
 
The graph of each type of ____________ section can be described as the  
 
intersection of a plane and two identical __________ which are connected at  
 
their vertices.  
 

 
 
A parabola is the set of all  
 
_________________ _________ that are  
 
_____________________ from a fixed line  
 
called the __________________ and a fixed  
 
point called the __________________.  
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Theorem: Standard Equation of a Parabola 
 
The standard form of a parabola with vertex _________ and directrix _______ 
is 
 

Vertical axis 
    
         
The standard form of a parabola with vertex _________ and directrix _______ 
is 
 

Horizontal Axis 
 
 
The focus lies on the axis ___ units from the vertex. The coordinates of the 
focus are  
 
           Vertical axis 
    
           Horizontal Axis 
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EXAMPLE 1: Consider 2 6 8 25 0y y x� � �  .  

a. Find the vertex, focus, and the directrix of the parabola and sketch its 
graph. 

 
 
 
 
 

b. Find the equation of the line tangent to the graph at 4x  � . 

 

 

 

 

 

 

x

y

5

5

-5

-5
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An ellipse is the set of all _________________ _________ the sum of  

whose distances from two distinct fixed points called ______________ is  

constant. 

 

 

 

 

 

 

Theorem: Standard Equation of an Ellipse 
 
The standard form of the equation of an ellipse with center _________ and  
 
major and minor axes of lengths ______ and ______, where _________, is  
 
 

Major Axis is Horizontal 
    
         
or  
 
 

Major Axis is Vertical 
 
 
The foci lie on the major axis, ___ units from the center, with  
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Theorem: Reflective Property of an Ellipse 
 
Let ____ be a point on an ellipse. The tangent line to the ellipse at point ___  
 
makes __________ angles with the lines through ____ and the _________. 
  

       
 
Definition of Eccentricity of an Ellipse 
 
The ____________________ ____ of an ellipse is given by the ratio 
 
 
 
 
For an ellipse that is close to being a _________________, the foci are close to  

the __________________ and the _______________ ___________ is close  

to _____________.An ___________________ ellipse has foci which are close  

to the _________________ and the ____________ ________ is close to ___. 
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EXAMPLE 2: Consider 2 216 25 64 150 279 0x y x y� � � �  .  

Find the center, foci, vertices, and eccentricity of the ellipse and sketch its 
graph. 

 
 
 
 
 

 

EXAMPLE 3: Find an equation of the ellipse with vertices � � � �0,3  and 8,3 and 

eccentricity ¾. 

 

 

 

x

y

5

5

-5

-5
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A hyperbola is the set of all _________________ _________ for which the  

absolute value of the difference between the distances from two distinct fixed  

points called ______________ is constant. The line __________________  

connecting the vertices is the ________________ ___________, and the  

_______________ of the transverse axis is the _____________ of the  

hyperbola.  

 

  

 

 

 

Theorem: Standard Equation of a Hyperbola 
The standard form of the equation of a hyperbola with center _________  
is  
 
 

Transverse Axis is Horizontal 
    
         
or  
 
 

Transverse Axis is Vertical 
 
The vertices are ___ units from the center, and the foci are ____ units from the 
center with __________________.  
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Theorem: Asymptotes of a Hyperbola 
 
 

Transverse Axis is Horizontal 
    
         
or  
 
 

Transverse Axis is Vertical 
 
 

EXAMPLE 4: Consider 
2 2

1
4 2
y x

�  .  

a. Find the center, foci, and vertices of the hyperbola, and sketch its graph 
using asymptotes. 

 
 
 
 
 

x

y

5

5

-5

-5
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b. Find equations for the tangent lines to the hyperbola at 4x  .  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

c. Find equations for the normal lines to the hyperbola at 4x  .  
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EXAMPLE 4: A cable of a suspension bridge is suspended in the shape of a 
parabola between two towers that are 120 meters apart and 20 meters above the 
roadway. The cable touches the roadway midway between the two towers. 

a. Find an equation for the parabolic shape of the cable. 
 
 
 
 
 
 
 
 
 
 

b. Find the length of the cable. 
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10.2: Plane Curves and Parametric Equations 

When you finish your homework you should be able to… 

S Sketch the graph of a curve given by a set of parametric equations. 
S Eliminate the parameter in a set of parametric equations. 
S Find a set of parametric equations to represent a curve. 

 
We currently use a _____________ equation involving _______ variables to  
 
represent a ____________. This tells us ____________ an object has  
 
EHHQ�EXW�LW�GRHVQ·W�WHOO�XV�BBBBBBBBBB�WKH�REMHFW�ZDV�DW�D�JLYHQ�BBBBBBBBB� 
 
_______. To determine this ________, we introduce a third variable, ___, called  
 
a ________________. Using two equations to represent each ___ and ___ as  
 
functions of ___ gives us  _________________ _______________.  
 
Definition of a Plane Curve 
 
If ___ and ___ are continuous functions of ___ on an interval ___, then the  
equations  
 
 
are _______________ equations and ____is the _____________. The set of  
 
points ________ obtained as ____ varies over the interval ___ is the  
 
___________ of the parametric equations. Taken together, the  
 
____________ equations and the ________ are a ________ __________. 
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EXAMPLE 1: Consider 22x t , 4 1y t � .  

a. Sketch the curve represented by the parametric equations. Be sure to 
indicate the orientation. 

  

           

b. Write the corresponding rectangular equation by eliminating the parameter.  

 

 

 

 

 

 

 

x

y

5

5

-5

-5

t  22x t  4 1y t �  

   

   

   

   

   



 

  
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 185 

 

EXAMPLE 2: Consider cosx T , 2sin 2y T .  

a. Use your graphing calculator to sketch the curve represented by the 
parametric equations. Be sure to indicate the orientation. 

  

 

 

 

 

 

                                            

b. Write the corresponding rectangular equation by eliminating the parameter.  
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EXAMPLE 3: Consider 2 3cosx T � � , 5 3siny T � � .  

a. Sketch the curve represented by the parametric equations. Be sure to 
indicate the orientation. 

  

          

 

b. Write the corresponding rectangular equation by eliminating the parameter.  

 

 

 

 

 

 

x

y

5

5

-5

-5

T  2 3cosx T � �  5 3siny T � �  
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EXAMPLE 4: Consider 2tx e , ty e .  

a. Use your graphing calculator to sketch the curve represented by the 
parametric equations. Be sure to indicate the orientation. 

 
 
 
 
 
 
 
 
  

           

b. Write the corresponding rectangular equation by eliminating the parameter.  
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EXAMPLE 5: Find a set of parametric equations for the line or conic. 

a. Circle: Center � �6,2� , radius 4 

 
 
 
 
 
 
 
 
 
 
 

b. Ellipse: Vertices  � �4,7 , � �4, 3� , Foci: � �4,5 , � �4, 1� .  
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10.3: Plane Curves and Parametric Equations 

When you finish your homework you should be able to… 

S Find the slope of a line tangent to a plane curve. 
S Find the arc length of a plane curve. 
S Find the area of a surface of revolution given in parametric form.  

 
Theorem: Parametric Form of the Derivative 
 
If a smooth curve C is given by the equations  
 
 
then the slope of C at _____ is  
 
 
 
EXAMPLE 1: Consider 4cosx t , 2siny t , 0 2t S� � .  

a. Find 
dy
dx . 

 
 
  

           

b. Find 
2

2

d y
dx . 
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c. Find all points (if any) of horizontal and vertical tangency to the curve. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

d. Determine the open t-intervals on which the curve is concave downward or 
concave upward.  
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Theorem: Arc Length in Parametric Form 
 
If a smooth curve C is given by the equations __________ and __________such  
 
that C does not intersect itself on the interval _____________, except possibly  
 
at the endpoints, then the arc length of C over the interval is given by 
 
 
 
 
 
 
NOTE: Make sure that the arc length is ____________ only once on the 
interval!!! 

EXAMPLE 2: Find the arc length of the curve given by the equations arcsinx t 

and 2ln 1y t � on the interval 
10
2

td d . 
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Theorem: Area of a Surface of Revolution 
 
If a smooth curve C is given by the equations __________ and __________such  
 
that C does not intersect itself on the interval _____________, then the area S  
 
of the surface of revolution formed by revolving C about the coordinate axes is  
 
given by 
 
 
       Revolution about the x-axis; ___________ 
 
 
 
       Revolution about the y-axis; ___________ 
 

 

EXAMPLE 3: Find the area of the surface generated by revolving the curve given 
by the equations 5cosx T and 5siny T on the interval 0 T Sd d  about the y-
axis. 
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EXAMPLE 4: A portion of a sphere of radius r is removed by cutting out a 
circular cone with its vertex at the center of the sphere. The vertex of the cone 
forms an angle of 2T . Find the surface area removed from the cone. 
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10.4: Polar Coordinates and Graphs 

When you finish your homework you should be able to… 

S Convert between rectangular and polar coordinates. 
S Sketch the graph of an equation in polar form. 
S Find the slope of a line tangent to the pole. 
S Identify special polar graphs. 

 
Up WR�WKLV�SRLQW��ZH·YH�EHHQ�XVLQJ�WKH�BBBBBBBBBBBBBBB�FRRUGLQDWH�V\VWHP�WR� 
 
sketch graphs. Now we will be using the ___________ coordinate system to  
 
sketch graphs given in ____________ form. This form is very useful in the third  
 
semester calculus course as it makes many definite _______________ easier to  
 
evaluate after switching from rectangular to polar coordinates. The polar  
 
coordinate system has a fixed point O, called the ________ or ___________.  
 
From the pole, an  initial ________ is constructe. This is called the _________  
 
axis. Each point P in the plane is assigned __________ coordinates in the form  
 
_________. ___ represents the ____________ distance from ___ to ___ and  
 
____ is the ____________ angle which is _____________________________  
 
from the polar axis to the segment_____. Unlike rectangular coordinates, each  
 
point in polar coordinates does NOT have a ___________ representation. Can you  
 
figure out another point in polar coordinates which would be equivalent to  
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� �,r T ? ________________ How about � �,r T S� � ? __________________  
 

In general, the point � �,r T  can be  
 
written as 
 
 
 
where ___ is any integer. The pole  
 
is represented by ______, where  
 
___ is any angle. 
 

 
 
 
 
 
 
 
Theorem: Coordinate Conversion 
 

The polar coordinates � �,r T  of a point are related to the rectangular coordinates  
 
___________ of the point as follows: 
 
Polar-to-Rectangular      Rectangular-to-Polar 
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EXAMPLE 1: Plot the point in polar coordinates and find the corresponding 
rectangular coordinates for the point. 

a. 3,
4
S§ ·

¨ ¸
© ¹  b. 

52,
3
S§ ·�¨ ¸

© ¹   

  

           

 
 
 
 
 
 
 

 
 
 

EXAMPLE 2: Find two corresponding polar coordinates for the point given in 
rectangular coordinates. 

a. 3,
4
S§ ·

¨ ¸
© ¹  b. 6,

2
S§ ·�¨ ¸

© ¹  
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EXAMPLE 3: Sketch the graph of the polar equation, and convert to rectangular 
form.  

a. 4r  �  
 
 
 
 
 
 
 
 
 
 
 

b. 
5
6
ST    
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c. 3sinr T   

 
 
 
 
 
 
 
 
 
 
 
 

d. cot cscr T T  
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EXAMPLE 4: Convert the rectangular equation to polar form.

a. 2 2 9x y�   
 
 
 
 
 
 
 
 
 
 
 
 
 

b. 4xy    
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Consider � �cos cosx r fT T T  and � �sin siny r fT T T  . 
 
 
 
Theorem: Slope in Polar Form 
 
If f is a differentiable function of T , then the slope of the tangent line to the 

graph of  � �r f T at the point  � �,r T  is  
 
 
 
 
provided that _______________ at __________.  

 

HMMMMM…I guess that means… 

Solutions of 0dy
dT

  yield _________________ tangents, provided 0dx
dT

z . 

Solutions of 0dx
dT

  yield _________________ tangents, provided 0dy
dT

z . 

If 0dy
dT

  and 0dx
dT

  simultaneously, then no conclusion can be drawn about  

___________ lines. 

Theorem: Tangent Lines at the Pole 

If � � 0f D   and � � 0f Dc z , then the line � � 0f D   is ______________ at the  
 
________ to the graph of ___________.  
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EXAMPLE 5: Consider � �2 1 sinr T � . Hint: use 24
S

for the increment 

between the values of T . 

a. Sketch the graph of the equation. 

 

b. Find 
dy
dx . 
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c. Find all points (if any) of horizontal and vertical tangency to the curve. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

d. Find the tangents at the pole.  
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EXAMPLE 6: Consider � � 8cos3f T T .  

a. Graph the equation by hand. 

                                                             

 

b. Find 
dy
dx . 
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c. Find all points (if any) of horizontal and vertical tangency to the curve. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

d. Find the tangents at the pole.  
 
 
 
 
 
 
 
 
 
 

 



 

  
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 206 

 

10.5: Area and Arc Length in Polar Coordinates 

When you finish your homework you should be able to… 

S Find the points of intersection between polar graphs. 
S Find the area of a region bounded by a polar graph. 
S Find the arc length of a polar graph. 
S Find the area of a surface of revolution (polar form) 

  
To find the points of ___________________ of polar graphs, you merely  
 
__________ the ____________ of _______________ equations.  
 
EXAMPLE 1: Find the points of intersection of the graphs of the equations 

� �3 1 sinr T � and � �3 1 sinr T � . 
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The formula for the __________ of a __________ region is developed by  
 
______________ infinitely many _________ of _________. Recall that the  
 
area of a sector is _______________. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Theorem: Area in Polar Coordinates 
 

If f is continuous and nonnegative on the interval > @,D E , 0 2E D S� � d , then 

the area of the region bounded by the graph of � �r f T  between the radial lines 
T D  and T E  is 
 
 
 
         0 2E D S� � d   
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EXAMPLE 2: Find the area of the region of one petal of 4sin 3r T . 
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EXAMPLE 3: Find the area of the region of the interior of 4 4cosr T � . 
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EXAMPLE 4: Find the area of the common interior of � �2 1 cosr T �  and 

� �2 1 cosr T � . 
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Theorem: Arc Length of a Polar Curve 
 
Let f be a function whose derivative is continuous on an interval D T Ed d . The 

length of the graph of � �r f T  from T D  to T E  is 
 
 
 
 
 
 

EXAMPLE 5: Find the arc length of the curve � �8 1 cosr T �  over the interval 

0 2T Sd d . 
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Theorem: Area of a Surface of Revolution 
 
Let f be a function whose derivative is continuous on an interval D T Ed d . The 

area of the surface formed by revolving the graph of � �r f T  from T D  to 
T E  about 
 
the polar axis is: 
 
 

the line 2
ST   is: 

 
 
 
EXAMPLE 6: Find the area of the surface formed by revolving the curve 

6cosr T  about the polar axis over the interval 0
2
STd d . 

 
 


